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Teopernuyeckoe BBeJeHUE

PerpeccMOHHBIM aHA/IU3— MeTO/, MOJe/TUPOBaHusl W3MepsieMbIX IaHHbIX U
WCCJIeIOBaHUsI UX CBOMCTB. /laHHBIE COCTOSIT U3 Map 3HaYeHUM 3aBUCHMOM
nepeMeHHOM (TlepeMeHHOM OTK/IMKa) ¥ He3aBHCHMMOM mepeMeHHO# (00bsICHSIIOIIeiH
TIepeMEeHHOMN).

PerpeccroHHast Mmojie/ib eCTb (PYHKI[MSI He3aBUCUMOM TTlepeMeHHOU U
rapameTpoB C J00aB/IeHHOM CcyualiHol epeMeHHOM. [TapameTpsl Mofieiu
HaCTpauBarOTCsl TaKUM 00pa3oM, UTO MOJie/ib HauTydlliuM 00pa3oM NpubsvKaeT
JlaHHBIE.

KpuTepuem KauecTBa npuOmmkeHus (1jeeBoi GpyHKIe) 00bIYHO
SIBJISIETCSI CpeIHeKBaIpaTHyHasi OlMbKa: CymMMa KBa/IpaTOB pa3HOCTH 3HAUeHUH
MOZIe/IU ¥ 3aBUCMMOM MepeMeHHOM 1151 BCeX 3HaUeHWU He3aBUCMMOW MepeMeHHOM B
KayeCcTBe aprymeHTa.

PerpeccroHHbIV aHa/MW3 — pa3/en MaTeMaThueCKorW CTaTUCTUKUA U MallITMHHOTO
oOyuenusi. [IpefonaraeTcs, 4Tto 3aBUCHMasi lepeMeHHasi eCTb CyMMa 3HaueHUH
HEKOTOPOM MOJIe/I U C/Ty4aliHOW BeInurHbl. OTHOCUTEJ/IbHO XapakKTepa
pacrpeziesieHUs: 5TOM BeJTMUMHBI /e/1at0TCs MPeTo/I0Ke s, Ha3bIBaeMble TUIOTe30M
TIOPOXK/IeHUs JJaHHBIX. [1J1s1 OATBEeP KAeHUS WU OTIPOBEPIKEHUsT TOU TUTIOTe3bl
BBITIO/THSIFOTCS] CTaTUCTUUECKUe TeCThl, Ha3bIBaeMble aHa/TM30M OCTaTKOB. [1pu 3TOM
TIpeJriosaraeTcs, UTo He3aBUCUMasi iepeMeHHasi He COJIeP)KUT OIIMOOK.
PerpeccroHHBIN aHaIU3 UCTOJIb3YeTCs AJis IPOTrHO3a, aHa/IM3a BpeMeHHbIX
PSIZIOB, TECTUPOBAHUS TUTIOTE3 U BbISIB/IEHHSI CKPBITHIX B3aUMOCBSI3€M B IaHHBIX.

Perpeccusi — 3aBUCMMOCTb MaTeMaThueCKOTro OXKUAaHus (HarpruMep, CpeHero
3HaueHus1) C/Iy4YaliHOU Be/TMUMHBI OT OJJHOU W/TM HECKOJIbKUX JIPYTUX CTYUYaUHBIX
Be/TUMH (CBOGOJHBIX MTepeMEHHBIX), TO eCTh £ (y]a) = flx).

PerpeccHOHHBIM aHa/IM30M Ha3bIBAeTCs MOMCK TaKoil (GyHKIWH J , KoTopast
OTMCBIBaeT 3Ty 3aBUCUMOCTh. Perpeccusi MOXKeT ObITh TpeficTaB/ieHa B BU/ie CyMMbI
HeC/Ty4YalHOM U CJTy4YalHOU COCTABJISIFOLLINX.

y=7F lii]:‘:l +u

rae / — (YHKLMS perpeCCHOHHOM 3aBUCHMOCTH, @ ¥ — aJJUTHBHAS
ClyuyariHasi BeJIMUMHa C HyJIeBbIM MatoxxuganueM. [IpeamnonoxeHue o xapakrepe
pacripefieJieHUs1 5TOW BeJIMUUHbBI HA3bIBATCS TUTIOTE30M MOPOXKAEHUS JaHHbIX.
OO6BIUHO TIpeATIoIaraeTcs, UTo BeJIMUMHA 1 UMeeT rayCCOBO pacripefiesieHue C
HYJIeBBIM CPEJHUM U TUCTIepCUen o?

3alaua HaXOXK/[eHUs perpeCcCUOHHOM MO/e/d HeCKOIBKUX CBOOOIHBIX

riepeMeHHbIX CTAaBUTCS CIeAYIOLMM 0b6pa3oM. 3aziaHa BbIOOpKa —

Ty | € IRM}

MHOXeCTBO [ 3HAUeHUHU CBO60,[LHLIX MepeMeHHbIX U

R} . .
MHO>KeCTBO [yll Yly € COOTBETCTBYIOLUX UM 3HAUeHWUW 3aBUCUMOM
TiepeMeHHOM. DTU MHOKeCTBa 0003HauaroTCs Kak ., MHOYKeCTBO MCXOJHBIX

a - o
JAHHBIX [{ ,y]ﬁ}. 3ajlaHa perpecCUoHHasi MOjle/lb — TlapaMeTpUUecKoe CeMeNCTBO



dynkumit f (w,) 3aBMCAILAd OT apaMeTpoB W € R 1 cBOOOJHBIX MepeMeHHbIX .
TpebyeTcst HaliTH HanboJIee BepOSTHBIE TTapaMeTPhI W :
W=arg ma,}%vp{y@,w,f} = p(D|w, ).
weR

@OyHKIYS BEPOATHOCTH £ 3aBHUCHUT OT TUIIOTE3bI TIOPOXKAEHUS JaHHBIX U
3ajjaeTcs balieCOBCKMM BBIBOZIOM WJI METOZIOM HarOOJIBIIIEro MpaBoIofo0us.

JIuHerHas perpeccusi

Introduction to Linear Regression
Author(s)

David M. Lane
Prerequisites

Measures of Variability, Describing Bivariate Data

Learning Objectives
1. Define linear regression

2. Identify errors of prediction in a scatter plot with a regression line

In simple linear regression, we predict scores on one variable from the scores
on a second variable. The variable we are predicting is called the criterion
variableand is referred to as Y. The variable we are basing our predictions on is
called thepredictor variable and is referred to as X. When there is only one
predictor variable, the prediction method is called simple regression. In simple
linear regression, the topic of this section, the predictions of Y when plotted as
a function of X form a straight line.

The example data in Table 1 are plotted in Figure 1. You can see that there
is a positive relationship between X and Y. If you were going to predict Y from X,
the higher the value of X, the higher your prediction of Y.

Table 1. Example data.

X Y
1.00 1.00
2.00 2.00
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4.00 3.75
5.00 2.25
Y 57
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Figure 1. A scatter plot of the example data.

Linear regression consists of finding the best-fitting straight line through
the points. The best-fitting line is called a regression line. The black diagonal
line in Figure 2 is the regression line and consists of the predicted score on Y for
each possible value of X. The vertical lines from the points to the regression
line represent the errors of prediction. As you can see, the red point is very
near the regression line; its error of prediction is small. By contrast, the yellow
point is much higher than the regression line and therefore its error of
prediction is large.
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Figure 2. A scatter plot of the example data. The black line consists of the
predictions, the points are the actual data, and the vertical lines between the
points and the black line represent errors of prediction.

The error of prediction for a point is the value of the point minus the predicted
value (the value on the line). Table 2 shows the predicted values (Y') and the
errors of prediction (Y-Y'). For example, the first point has a Y of 1.00 and a
predicted Y (called Y') of 1.21. Therefore, its error of prediction is -0.21.

Table 2. Example data.

Y Y- (
v Yl Y_YI)Z
1 1 - 0
.00 .00 .210 0.210 . 044
4 1 0. 0
.00 .00 .635 365 .133
3 2 - 0
.00 .30 .060 0.760 .578
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.00 .75 .485 265 .600

/ 2 - 0

.00 .25"‘ .910 0.660 .436

-
I

[—

You may have noticed that we did not specify what is meant by "best-fitting
line." By far, the most commonly-used criterion for the best-fitting line is the
line that minimizes the sum of the squared errors of prediction. That is the
criterion that was used to find the line in Figure 2. The last column in Table 2
shows the squared errors of prediction. The sum of the squared errors of
prediction shown in Table 2 is lower than it would be for any other regression
line.

The formula for a regression line is

Y'" = bX + A

where Y' is the predicted score, b is the slope of the line, and Ais the Y
intercept. The equation for the line in Figure 2 is

Y' = 0.425X + 0.785
For X =1,

Y' = (0.425)(1) + 0.785 = 1.21.
For X = 2,

Y' = (0.425)(2) + 0.785 = 1.64.

COMPUTING THE REGRESSION LINE

In the age of computers, the regression line is typically computed with
statistical software. However, the calculations are relatively easy, and are given
here for anyone who is interested. The calculations are based on the statistics
shown in Table 3. My is the mean of X, My is the mean of Y, sx is the standard
deviation of X, sy is the standard deviation of Y, and r is the correlation between
XandY.

| Formula for standard deviation |

Formula for correlation |

—_——— e —— e —— e —— e ——— e ——— e —_—— e —_————— e ——— — — — a1
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Table 3. Statistics for computing the regression line.

M
X Y Sx Sy r
2

1. 1. 0.
.06 581 072 627

The slope (b) can be calculated as follows:
b =r sy/sx
and the intercept (A) can be calculated as

A = My - bMy.

For these data,

b

(0.627)(1.072)/1.581 = 0.425

A

2.06 - (0.425)(3) = 0.785

Note that the calculations have all been shown in terms of sample statistics
rather than population parameters. The formulas are the same; simply use the
parameter values for means, standard deviations, and the correlation.

STANDARDIZED VARIABLES

The regression equation is simpler if variables are standardized so that their
means are equal to 0 and standard deviations are equal to 1, for then b = r and
A = 0. This makes the regression line:

Zy = (r)(Z)

where Zy is the predicted standard score for Y, r is the correlation, and Zx is the
standardized score for X. Note that the slope of the regression equation for
standardized variables is r.

A REAL EXAMPLE

The case study "SAT and College GPA" contains high school and university
grades for 105 computer science majors at a local state school. We now
consider how we could predict a student's university GPA if we knew his or her
high school GPA.
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Figure 3 shows a scatter plot of University GPA as a function of High School

GPA. You can see from the figure that there is a strong positive relationship. The
correlation is 0.78. The regression equation is

University GPA' = (0.675)(High School GPA) + 1.097

Therefore, a student with a high school GPA of 3 would be predicted to have a
university GPA of

University GPA' = (0.675)(3) + 1.097 = 3.12.
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High School GPA

Figure 3. University GPA as a function of High School GPA.

ASSUMPTIONS

It may surprise you, but the calculations shown in this section are assumption-
free. Of course, if the relationship between X and Y were not linear, a different
shaped function could fit the data better. Inferential statistics in regression are

based on several assumptions, and these assumptions are presented in a later
section of this chapter.
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Jlorucruueckasi perpeccus

BbInno/iHeHHUe

Marpuiia BXOAHBIX JaHHbIX

CreHeprpoBaHHas /11 4 BapMaHTa

Hara

Id | Machine OutPutVoltage | Amperage | BbIlTyCcKa Failuredate | TimeWork | isFailure
1 | MACHINE1 | 5,04 1004 15.11.2013 365 0
2 | MACHINE2 | 5,05 990 15.11.2013 03.06.2014 | 200 1
3 | MACHINE3 | 5 1000 15.11.2013 365 0
4 | MACHINE3 | 4,92 970 15.11.2013 365 0
5 | MACHINE3 | 5,02 1000 15.11.2013 04.04.2014 | 140 1
6 | MACHINE3 | 4,93 1005 15.11.2013 365 0
7 | MACHINE? | 4,97 1030 15.11.2013 31.10.2014 | 350 1
8 | MACHINE2 | 5,03 1025 15.11.2013 11.09.2014 | 300 1
9 | MACHINE? | 5 1000 15.11.2013 365 0
1

0 | MACHINE1 | 5 1030 15.11.2013 365 0
11 | MACHINE1 | 5,1 1000 15.11.2013 25.03.2014 | 130 1
1

2 | MACHINE1 | 5,1 1050 15.11.2013 365 0
1

3 | MACHINE1 | 5,1 955 15.11.2013 13.07.2014 | 240 1
1

4 | MACHINE? | 5,05 1003 15.11.2013 365 0
1

5 | MACHINE? | 5,01 1002 15.11.2013 11.09.2014 | 300 1
1

6 | MACHINE2 | 5,01 1005 15.11.2013 365 0
1

7 | MACHINE3 | 5 956 15.11.2013 365 0
1

8 | MACHINEL1 | 5,02 1000 15.11.2013 12.08.2014 | 270 1
1

9 | MACHINE3 | 5,03 1020 15.11.2013 22.08.2014 | 280 1
2

0 | MACHINE3 | 5,07 1002 15.11.2013 365 0

KO,Z[I/IPOBaHI/Ie KaTEFOpHaHbHOﬁ HEPEMEHHOﬁ

CBogHast Tabsuiia 0ToOpaXkaeT KOJIMUeCTBO XOpOoIuX | ryioxux (0 u 1

COOTBETCTBEHHO) U3/e/TMK 1, 00IIlee KOJTMUeCTBO TIPOH3BeJEHHBIX MAITHHOM

1SENI (15158

Kosau4yecTBO No nosio

isFailure

Ha3zBaHusna

cTonobuos




Ha3BaHusa cTpok 0 1 O6Gwmm mTor
MACHINE1 3 3 6
MACHINE?2 3 4 7
MACHINE3 5 2 7
OoOwumn utor 11 9 20

Vicnonb3ys JaHHble CBOAHOM TabIULIbl, paCCUMTa/ OTHOLLEHUS XOPOLIUX U
TIJIOXUX U3[e/Ui, POM3BeIEHHBIX KaXK/I0M MallIMHOM K 0011[eMy UMC/Ty XOPOLIUX U
TJIOXUX U3Jle/IMU COOTBETCTBEHHO. VICI0/b3ys 3TU 3HaUeHUs /11 KaXKA0M MalllVHbI
paccumrait:

o

J

WOE .=In
J Qj

BecomocTs nipusHaka

P, .o
rae J — OTHOIIIEHHEe KOJIMUeCTBa IM03UTUBHBIX 00LEKTOB B J-OH KaTeropuu,

K UMC/1y BCeX ITO3UTUBHBIX 00LEKTOB

OrneHKa MHGOPMAaTUBHOCTH TTlepEMEHHbIX

Machine OTHolLIeHK e XOpOoLINUX OTHo1IeHue MI0XUx v

15E0 (17171 W31eIUi WoE c/araemMble
MACHINE
1 0,272727273 0,333333333 | -20,0671 | 0,012162
MACHINE
2 0,272727273 0,444444444 | -48,8353 | 0,083859
MACHINE
3 0,454545455 0,222222222 71,562 | 0,166255

IV =0,262275576

B cootBetcTBUMU C KpuTepudamu, oripene/inji 3HaUMMOCTDb IepeMeHHbIX.

Kpurepuu:
IV < 0.02 — mHe3aBucrMMasi repemMeHHass He o00/ajjaeT TPOTHOCTHUYECKON

CII0COOHOCTEIO;

.02<IV<0.
0.02<IV<0.1  __ opag TPOTHOCTHYECKast CIIOCOOHOCTB;

< <
0.1<IV<03 __ Cpe[HsIsI IPOTHOCTHUYEeCKasl CII0COOHOCTB;

10



< <
03=<IV<0.5 __ ppicokas TTPOrHOCTHYECKast CIIOCOOHOCTD;

IV>0.5
— IIPeBOCXO/iHasl IPOTHOCTUYECKasi CIIOCOOHOCTb.
Iv>1
— TpeOyeTcs [OMONHUTE/NIbHOE WCC/Ae/J0OBaHWe Ha He3aBUCHUMOCTb
TiepeMeHHOMU.

[TepemeHHbIe UMEIOT CPeIHIOI0 TIPOTHOCTUYECKYIO CITOCOOHOCTD.

ITocTpoeHue MaTeMaTH4eCcKoN Moje/u

MaremMarrueckasi MOZieJib [I03BOJISIET OTpe/|e/TUTh HaJlé)KHOCTh U3Zieni
Ka)K/I0ro CTaHKa B 3aBUCHMOCTH OT IPOM3BO/CTBEHHBIX [IapaMeTpOB U Ipe/cKasarh
BpeMsi paboThI ero MpoAyKI[MU. DTO MO3BOJIsIeT OL|eHUBATh HaZIE>KHOCTh KOMIJIEKCOB,
WCTIONB3YIOIIMX UCC/IelyeMble U3Zie/Tus, a TakxKe TI03BoJIsieT 6osiee 3P heKTUBHO
TPOU3BOJUTH KOHTPOJIb KaueCTBa MPOAYKLIUH.

[t peanu3anu ObL 3amylieH UHCTPYMeHT Perpeccuist B Mozy/ie AHaui3
IanHbIX. B KauecTBe BXOAHOTO MHTepBasia Y BbIOpaHO BpeMs paboThl U3zienuii, B
KaueCTBe BXOJHOI'0 UHTepBasia X: BIXOJHOe HarpsykeHue, CUiny Toka U WoE cTaHKa.
[TonmyurHBI TUCT perpeccuu v Ko3PGULIMEHThI perpecCru:

KoahdhunumeHThbl perpeccuu:
Y-nepece4deHune 3235,5
67
WOE cTaHKa -
0,0490
4
BonbTax -
717,72
8
Cuna ToKa 0,6789
73

Ha ocHoBe /iMcTa perpeccuu noayuyus1 IMHEHHYIO perpecCUOHHYI0 MOJieb:
Y =3235,567 —0,04904 x,— 717,728 x,+0,678973 x,,

OneHka padoTbI Mojie/TH

B miosiyueHHY0 Mogiesb ObLTU TTO/[CTaB/IeHbl BXOJHbIe 3HAUeHUs U TIOTyYeHbl
C/lefyroLe pe3y/bTaThl:

OutPutVolt | Ampera TimeWorkC
WoE age ge Bo B1X1 B2X2 B3X3 alc
20,067069 3235,567 | 0,9841 | 3617,3 | 681,68
55 5,04 1004 252 44 5 86 300,8891
- 5,05 990 | 3235,567 | 2,3950 -| 672,18 285,617
48,835276 252 15| 3624,5 29
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79 3
71,562003 3235,567 -1 3588,6 | 678,97

64 5 1000 252 | 3,5096 4 27 322,3886
71,562003 3235,567 -1 3531,2 | 658,60

64 4,92 970 252 | 3,5096 2 35 359,4377
71,562003 3235,567 - 678,97

64 5,02 1000 252 | 3,5096 | -3603 27 308,034
71,562003 3235,567 - -| 682,36

64 4,93 1005 252 | 3,5096 | 3538,4 75 376,0244
48,835276 3235,567 | 2,3950 | 3567,1 | 699,34

79 4,97 1030 252 15 1 18 370,1942
48,835276 3235,567 | 2,3950 | 3610,1 | 695,94

79 5,03 1025 252 15 7 7 323,7356
48,835276 3235,567 | 2,3950 | 3588,6 | 678,97

79 5 1000 252 15 4 27 328,2932
20,067069 3235,567 | 0,9841 | 3588,6 | 699,34

55 5 1030 252 44 4 18 347,2515
20,067069 3235,567 | 0,9841 | 3660,4 | 678,97

55 51 1000 252 44 1 27 255,1095
20,067069 3235,567 | 0,9841 | 3660,4 | 712,92

55 51 1050 252 44 1 13 289,0581
20,067069 3235,567 | 0,9841 | 3660,4 | 648,41

55 51 955 252 44 1 89 224,5557
48,835276 3235,567 | 2,3950 | 3624,5 | 681,00

79 5,05 1003 252 15 3 96 294,4437
48,835276 3235,567 | 2,3950 | 3595,8 | 680,33

79 5,01 1002 252 15 2 06 322,4738
48,835276 3235,567 | 2,3950 | 3595,8 | 682,36

79 5,01 1005 252 15 2 75 324,5108
71,562003 3235,567 - | 3588,6 | 649,09

64 5 956 252 | 3,5096 4 79 292,5138
20,067069 3235,567 | 0,9841 678,97

55 5,02 1000 252 44 | -3603 27 312,5277
71,562003 3235,567 -13610,1 | 692,55

64 5,03 1020 252 | 3,5096 7 21 314,4362
71,562003 3235,567 -1 3638,8 | 680,33

64 5,07 1002 252 | 3,5096 8 06 273,5055
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CpaBHeHMe CO BXO/IHbIMHU JJaHHbIMMU:

400

350

300 I

250 V
200 = TimeWork
= TimeWorkCalc

150

100
50

o_l [ N T
~ 5 A o

CpeaHekBaZpaTUUHOEe OTK/IOHEeHHe pe3y/bTaToOB MaTeMaTHhyeCKOoro
MO/Ie/IMPOBaHUSI OT BXOJHBIX IaHHBIX COCTaB/IsIeT 53 JHS.

Peanu3zanusa moaenu

Peanu3aiius Ha si3biKe C++:
double coefficients[4] = {3235,467, -0,04904, -717,728, 0,678973};

double timeWorkCalc ( double woe, double outputVoltage, double amperage) {
double timeWork = 0;
timework = coefficient[0] + coefficient[1]*woe +
coefficient[2]*outputVoltage + coefficient[3]*amperage;

3aK/IIoueHue

B panHoii pabore 6bl1a pa3paboTraHa MaTemMaTHueckasi MO/ie/ib, T03BOJISIOIIAsT
TIpe/iCKa3biBaTh BpeMsi pabOThI U3/eNHs B 3aBUCUMOCTHU OT Psifia IPOU3BOZCTBEHHBIX
TapamMeTpOB, BK/THOUasi KOHKPETHbBIM CTAaHOK, Ha KOTOPOM H3/ie/iie ObLI0 M3rOTOBJIEHO.

Mopgenb Oblyia pean3oBaHa Kak B cpefie MS Excel, Tak u B KauecTBe (yHKIUU
Ha si3biKe C++, KoTopasi MOXKeT ObITh BCTPOEHa B CYITeCTBYHOIIMe UH(GOpMaI[OHHbIE
CUCTeMBI.
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